Introduction
Holographic interferometry provides the means to measure the displacement of points located on a diffusing surface. The phenomenon of scattering of light by a transparent medium makes it possible to extend the application of holographic interferometry to the interior points of the medium.
The scattering of light by a transparent body is due to the presence of discrete variations in the index of refraction. These variations may be caused by the presence of foreign particles, or by local fluctuations of the density. The former type of scattering is called Tyndall scattering; the latter, molecular scattering. Whether originated by the presence of foreign particles or by the molecules of the medium itself, the type of scattering that is important for holographic recording is the Rayleigh scattering.'-3 A spectral analysis of the light scattered by a medium shows that a band exists that has the same central frequency as the incident light. This central band, called the Rayleigh band, is surrounded by a lateral spectrum which can contain other peaks. The Rayleigh band, although not exactly identical to the band of the incident light, is partially coherent with it, and mutual interference is possible. Consequently, the light scattered by a medium can be holographically recorded.
The transparent materials that can be utilized in scattered light holographic interferometry become birefringent under the applied loads. The birefringence influences the observed scattered light patterns. When a beam of light enters a stressed medium it is split into two plane polarized waves. The directions of polarization of these waves coincide with the directions of the principal stresses in the plane of the wavefront, called secondary principal stresses. The optical phenomena that take place in a medium that exhibits both a continuous rotation of the direction of the secondary principal stresses as well as a change in their values have been the object of study by many authors: Drucker and Mindlin 4 The most important results of these studies are summarized below. Consider a transparent body under a general state of stresses which is immersed in a fluid with a matching index of refraction (see Fig. 1 ). A light beam, directed along the x axis, passes through the model. Assume that the beam exhibits a rectilinear state of polarization. As it was previously mentioned, when the light penetrates the model, it is decomposed into two plane polarized wavefronts with directions of vibration along the direction of the secondary principal stresses. In general, the directions and the magnitudes of the secondary principal stresses change from point to point along the path of the wavefront. The total effect of the existing birefringence on the light beam is the result of the integrated actions of the retardations produced by the applied stresses and the continuous rotation of the directions of the secondary principal stresses. The light becomes eliptically polarized. The scattered light amplitude at an arbitrary point P of the path will depend on the state of polarization of the primary beam at this point [ Fig.  2(a) ]. The intensity observed from point Q, Fig. 1 , situated along a normal to the light path inclined at an angle 0, respect to the z axis, is proportional to the square of the apparent amplitude PR. Consequently when the body is stressed, the points illuminated by the primary beam become plane polarized sources whose amplitude is modulated by the state of stresses. The previous paragraphs summarize the effect of the birefringence on the path of the primary beam. To this effect one must add the effect of birefringence on the scattered light wavefronts. The light originated at P must go through the stressed medium before reaching the observation point Q. When transversing this region, the light vector experiences again the integrated effect of the change of the values of the secondary principal stresses and the rotation of their directions. The initially plane polarized scattered light beams become elliptically polarized. Under ordinary conditions of observation, for example, in scattered light photoelasticity, the effect of this second part of the light path is not detected. In this case no polarizing filter is used between the observation point and the model. Hence, only the effect of the stresses on the primary beam path are observed. However, if holographic interferometry is utilized to record the scattered light pattern, the reference beam acts as an analyzer (polarizing filter).1 4 For example, if the reference beam is linearly polarized, the amplitude of the scattered light recorded at a given point is [ Fig. 2(b) ] the projection of the ellipse radius in the direction of polarization of the reference beam. The intensity of light, observed in the holographic image, is modulated by the.integral effects of the retardation produced by the secondary principal stresses and their rotation along the total optical path. The optical path includes the segment of the primary beam up to the point under consideration, for example, point P of Fig. 1 , and then the path of the secondary beam through the model before it reaches the point of observation.
Derivation of the Corresponding Equations
The previously described phenomena can be expressed analytically by utilizing an optically equivalent model of the stressed medium. It can be shown 8 " '1-13 that a stressed medium can be replaced by the equivalent optical effect of a linear retarder followed by a rotator. A given light ellipse going through a stressed medium will emerge as a light ellipse with a different ellipticity (ratio of the principal axes) and with its major axis at a different azimuth. The same changes can be induced by a birefringent plate followed by a pure rotator. The optical path through the stressed medium must be divided into two parts. First consider the primary beam as it travels through the model to point P (Fig. 1 ). This region can be modeled by a birefringent plate of retardations 61 and 62, with its principal axis at a, and al + (r/2) followed by a rotator of rotating power 01. Applying the Jones matrix formalism, the effect of the retarder and the rotator can be expressed by the following matrix equation:
The matrix to the left of the equal sign represents the beam at point P; the last matrix to the right of the equal sign represents the incoming beam. The second, third, and fourth matrices to the right of the equal sign represent the effect of the retarder, while the first matrix to the right of the equal sign represents the effect of the rotator. After performing the matrix products one obtains the intensity ob- The right-hand side of the equal sign can be expressed in polar form:
The above equation gives the elliptical state of polarization at point P. The light scattered by point P depends upon its state of polarization. If we assume that the observation point is along the z axis, the observed amplitude is proportional to the Ey component. Furthermore, if we assume that te initial beam is plane polarized in the y direction, the scattered light amplitude becomes
where k is the scattering factor of the medium. [ 63 cos(2al + 01)
(15)
Equation (14) shows that the amplitude of the scattered light depends on the relative retardation 63, on the orientation of the axis of the equivalent retarder, and on the rotative power of the equivalent rotator. The plane polarized light produced by the scattering phenomenon has an absolute retardation given by Eq. (17).
The light scattered at P must go through the stressed medium before reaching the observation point. This second part of the path can be expressed by a matrix equation similar to Eq. (1). The angle corresponding to the axis of the retarder will be called a2, the retardation 61 and 2, and the rotating power 02. Making the corresponding substitutions one obtains the following expression for the elliptically polarized light emerging from the model: 
where
G = kEy 0 cosal cos(a + 01). (10) One can write the identity
where 63=61-62 (12) is the relative retardation. Equation (11) can be written The outgoing beam can be represented as two orthogonal plane polarized beams that have absolute retardation 61 + and 2 + V, respectively. When double-exposure holographic interferometry is applied to record the initial or unloaded and the loaded state of the model, a pattern of fringes is observed upon reconstruction.
Equation (24) of Ref.
14 can be applied to obtain the intensity distribution in the reconstructed hologram, IR = ER2(tZ.Zl + teA 2 )*(t 1 Ze.Z 1 + tA-Z 2 ), (20) where ER 2 is the amplitude modulus of the reconstruction wavefront, which is assumed to be identical to the reference wavefront, t and t 2 are the exposures times of the first and second exposures, respectively, R the complex amplitude vector corresponding to the reference wavefront, il and 2 the complex amplitude vectors corresponding to the object wavefront during the first and second exposures. The where El = kE 0 represents the scattered light amplitude, and 40 represents the total optical path of the beam. This includes segment corresponding to the primary beam up to P and the segment of the secondary beam from P up to the point of emergence from the model. If 11 is the index of refraction of the model
where L is the length of the optical path. Replacing Eqs. (19) and (22) The observed intensity distribution is a function of the integrated effects of the changes in absolute and relative retardations and of the rotations of the secondary principal stresses, as well as the direction of polarization of the reference beam. A material can be selected with very little sensitivity to the difference of the principal stresses, for example, Plexiglass. In this case the relative retardations can be kept small enough so that for all practical purposes, the two wavefronts into which the incoming light is split upon entering the stressed medium can be considered as a single wavefront. Furthermore, circularly polarized light can be utilized to illuminate the model. In this case the illuminating beam is represented by The light at P is circularly polarized and has an absolute retardation that results from the integrated effect of the principal secondary stresses and their rotation. The scattered light in the direction of observation, assumed to be the z axis, is then
The effect of the stressed medium on the scattered plane polarized light, with the same simplification introduced previously for the primary beam, can be expressed by
Finally, the outgoing beam is given by (31)
The hologram shows a pattern of fringes that depends on the changes of the absolute retardation along the whole optical path of the beam and on the rotatory power of the medium along the total optical path.
Optical Separation of the Components of the Displacement Vector
If one wants to utilize the scattering light phenomena as a means to determine the displacement vector of a generic point of the medium, one must devise a means to separate the changes in the optical path due to the displacement of the point from the total changes produced by the application of the load.
This separation can be achieved by applying a technique introduced by the authors.1 5 The separation of the displacement vector into components is based on a double illumination technique. The point P is illuminated by two parallel beams reaching the point from opposite directions. If a hologram is recorded, Eq. (31) applies, and the total intensity obtained upon reconstruction is given by (32) where the subscripts L and R have been introduced to distinguish the optical path components that are different for the two beams. The two families of fringes, if they are dense enough, will originate a moir6 pattern whose argument is given by the difference of the arguments of the component families, that is,
+-COS (61R + 61 + O1R + 02 1OR)] ER,
Consequently, if a rotation of the plate is added before the load is applied, a system of fringes parallel to the axis of rotation is generated. These fringes have an argument
where d is the displacement of the point in the direction of, illumination, and 7 is the index of refraction of the medium. The value of t7 changes with the applied stresses; however, these changes are small enough to be neglected. Replacing Eqs. (34) and (35) in Eq. (33) one obtains
The displacement of the point in the direction of illumination could be computed by means of Eq. (36), if it were not for the presence of a term that depends on the rotation of the principal secondary stresses. In many cases this effect is negligible, but even if it is not, it can be eliminated for displacements that are proportional to the applied load, for example, in elastic problems. If one applies a load Q and then a load mQ one can write
and 4ir 4bmQ = mddQ + (IL -OIL), (38) if one multiplies Eq. (37) by m and subtracts it from Eq. (38), where n is the fringe order.
In general, the moir6 pattern canot be observed because the patterns corresponding to the two directions of illumination lack the required number of fringes. To solve this problem a fictitious displacement field can be added.1 5 To originate this fringe pattern the holographic plate is rotated between exposures through a small angle around an axis parallel to the plane of the plate. In Ref. 15 it is shown that the localization plane of the fringes corresponding to the fictitious displacement can be controlled by modifying the position of the axis of rotation. Furthermore, an equation is derived for the fringe density of the fictitious displacement field. Although the expressions given in Ref. 15 correspond to the case of an external surface, the equations can be easily modified for the case of a surface inside a transparent media.
where Or is the rotation angle of the plate. When the model is loaded, each illumination adds a different contribution to the initial phase change produced by the rotation of the plate, and two patterns result that are characterized by the arguments 
1R-
The argument of the moir6 pattern is still given by Eq. (36), since the fictitious displacement is common to the two beams. In addition, the introduction of the fictitious displacement allows one to improve the quality of the resultant moir6 pattern by applying optical filtering techniques. The fringes produce diffraction orders that can be isolated in the filtering plane of an optical processing set up.
Experimental
The technique described above was applied to a two-dimensional and a three-dimensional problem.
A disk under diametral compression was used for the two dimensional case. The displacement was measured for points along the horizontal diameter in the interior of the model and for points on the model surface. Figure 3 shows the experimental setup. A 50-mW laser served as the light source which was split into a reference beam and the two object beams used to illuminate the model. Each illumination beam was collimated, and the two ribbons of light merged to form a scattering plane 6.0 mm wide and 1.6 mm thick. Light was polarized in the direction of the loading. Since the disk was a symmetrically loaded Figures 4(A) and 4(B) show the unmodified holographic patterns corresponding to the two separate illuminating beams for the middle plane of the disk under diametral compression. A fictitious displacement, common to each beam, allowed one to obtain Fig. 5 , which shows the filtered moire pattern for the same plane corresponding to a double beam illumination. Figure 6 is the pattern that resulted from a symmetrical double beam illumination at grazing incidence to the surface. prismatic model with illumination and observation made normal to the object faces, no immersion fluid was used. To make a study of the displacement of points inside the disk, however, the lens effect, caused by the curved boundary, was corrected by optical means. The holographic plate was supported on a kinematic device which had controlled displacement in a direction normal to the plate surface. This allowed one to locate precisely the center of rotation. Rotations could be made around either a vertical or a horizontal axis which passed through this center of rotation and which was parallel to the plane of the plate. Equation (41) was used to compute the values of d, at the scattering plane with = 1.506. The index of refraction was experimentally determined using a refractometer. Equation (41) was then applied to find the surface displacement with = 1.0. Figure 7 is a plot of the displacement determined on the surface and on the middle plane. The two curves agree to within a 3% error.
The three-dimensional problem was the Boussinesq problem (concentrated load on the half-space). The displacement parallel to the direction of the loading was determined in a plane 17.78 mm froni the point of application of the concentrated load. The problem was simulated by applying a 200-lb (90-kg) concentrated force at the center point of the square face of a Plexiglass block which measured 63.5 mm X 63.5 X 101.6 mm. Since the intensity observed by the scattering from the Plexiglass was low, the double beam illumination was made without expanding the beams. Each illuminating beam was circularly polarized. In order to apply Eq. (41) to determine the absolute displacement d, the block was immersed in a matching index of refraction fluid. To this end, decahydronaphthalene and a-bromanaphthalene were mixed so that the resultant solution had an index of refraction, i = 1.492. Figure 8 shows the fringe pattern for the displacement of points up to 50.8 mm below the surface. The experimental distribution of fringes is graphically compared to the theoretical displacement predicted by the Boussinesq solution.
Discussion and Conclusions
Holographic interferometry can be applied to measure displacement on arbitrary planes inside threedimensional transparent bodies. These measurements are made easier when a double beam illumination is used in conjunction with a fictitious displacement for the optical subtraction of patterns by means of the moir6 method.
The technique is limited to cases where only small changes in the index of refraction take place, and the relative changes of optical path are small. In those regions where large changes of the index refraction. occur, the rectilinear propagation of the beams will be affected, and distortion of the fringe pattern results. These limitations are not as severe as they may seem, since many problems of technical interest can be solved without violating the above conditions. One requirement of the technique is to have a high intensity source. This limitation can be somewhat relaxed if materials with better scattering properties are used. Recent experiments carried out by the authors indicate that polymers that have foreign particles dispersed inside may be of use in scattered light holography. Take, for examble, the rubber modified acrylic, XT-375. This material has a very high coefficient of scattering; however, one work of caution should be mentioned. Its increased scattering power results in an appreciable attenuation of the incident beam as it propagates through the scattering medium. This attenuation changes the balance of the object beam and the reference beam through the model and may have unfavorable effects on the holographic recording.
